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SOME REMARKS ON THE SYMPLECTIC AND KA¨HLER GEOMETRY OF
TORIC VARIETIES
CLAUDIO AREZZO, ANDREA LOI, AND FABIO ZUDDAS
Abstract. Let M be a projective toric manifold. We prove two results concerning respectively
Ka¨hler-Einstein submanifolds of M and symplectic embeddings of the standard euclidean ball in
M . Both results use the well-known fact that M contains an open dense subset biholomorphic
to Cn.
1. Introduction and statements of the main results
In this paper we use the well-known fact that toric manifolds are compactifications of Cn in order
to prove two results, of Riemannian and symplectic nature, given by the following two theorems.
Theorem 1.1. Let N be a projective toric manifold equipped with a toric Ka¨hler metric G and
(M, g)
φ−֒→ (N,G) be an isometric embedding of a Ka¨hler-Einstein manifold such that φ(M) contains
a point of N fixed by the torus action. Then (M, g) has positive scalar curvature.
Theorem 1.2. Let (M,ω) a toric manifold endowed with an integral toric Ka¨hler form and let
∆ ⊆ Rn be the image of the moment map for the torus action. Then, there exists a number c(∆)
(explicitely computable from the polytope, see Corollary 3.5) such that any ball of radius r > c(∆),
symplectically embedded into (M,ω), must intersect the divisor M \ Cn.
These two results are proved and discussed respectively in Section 2 (Theorem 2.6) and Section
3 (Corollary 3.5).
The paper ends with an Appendix where, for the reader’s convenience, we give an exposition (as
self-contained as possible) of the classical facts about toric manifolds we need in Sections 2 and 3.
2. Ka¨hler–Einstein submanifolds of Toric manifolds
Let us briefly recall Calabi’s work on Ka¨hler immersions and diastasis function [7].
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Given a complex manifold N endowed with a real analytic Ka¨hler metric G, the ingenious idea of
Calabi was the introduction, in a neighborhood of a point p ∈ N , of a very special Ka¨hler potential
Dp for the metric G, which he christened diastasis. Recall that a Ka¨hler potential is an analytic
function Φ defined in a neighborhoood of a point p such that Ω = i2∂∂¯Φ, where Ω is the Ka¨hler
form associated to G. In a complex coordinate system (Z) around p
Gαβ = 2G(
∂
∂Zα
,
∂
∂Z¯β
) =
∂2Φ
∂Zα∂Z¯β
.
A Ka¨hler potential is not unique: it is defined up to the sum with the real part of a holomorphic
function. By duplicating the variables Z and Z¯ a potential Φ can be complex analytically continued
to a function Φ˜ defined in a neighborhood U of the diagonal containing (p, p¯) ∈ N × N¯ (here N¯
denotes the manifold conjugated of N). The diastasis function is the Ka¨hler potential Dp around
p defined by
Dp(q) = Φ˜(q, q¯) + Φ˜(p, p¯)− Φ˜(p, q¯)− Φ˜(q, p¯).
Among all the potentials the diastasis is characterized by the fact that in every coordinates system
(Z) centered in p
Dp(Z, Z¯) =
∑
|j|,|k|≥0
ajkZ
jZ¯k,
with aj0 = a0j = 0 for all multi-indices j. The following proposition shows the importance of the
diastasis in the context of holomorphic maps between Ka¨hler manifolds.
Proposition 2.1. (Calabi) Let ϕ : (M, g) → (N,G) be a holomorphic and isometric embedding
between Ka¨hler manifolds and suppose that G is real analytic. Then g is real analytic and for every
point p ∈M
ϕ(Dp) = Dϕ(p),
where Dp (resp. Dϕ(p)) is the diastasis of g relative to p (resp. of G relative to ϕ(p)).
In Proposition 2.3 below, we are going to require that N is a compactification of Cn, or more
precisely that N contains an analytic subvariety Y such that X = N \ Y is biholomorphic to Cn;
as far as the Ka¨hler metric G on N is concerned, in addition to the requirement that G is real
analytic, we impose two other conditions. The first one is
Condition (A): there exists a point p∗ ∈ X = N \Y such that the diastasis Dp∗ is globally defined
and non-negative on X.
In order to describe the second condition we need to introduce the concept of Bochner’s coordi-
nates (cfr. [5], [7], [15], [16]). Given a real analytic Ka¨hler metric G on N and a point p ∈ N , one
can always find local (complex) coordinates in a neighborhood of p such that
Dp(Z, Z¯) = |Z|2 +
∑
|j|,|k|≥2
bjkZ
jZ¯k,
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where Dp is the diastasis relative to p. These coordinates, uniquely defined up to a unitary trans-
formation, are called the Bochner’s coordinates with respect to the point p.
One important feature of these coordinates which we are going to use in the proof of our main
theorem is the following:
Theorem 2.2. (Calabi) Let ϕ : (M, g) → (N,G) be a holomorphic and isometric embedding be-
tween Ka¨hler manifolds and suppose that G is real analytic. If (z1, . . . , zm) is a system of Bochner’s
coordinates in a neighborhood U of p ∈ M then there exists a system of Bochner’s coordinates
(Z1, . . . , Zn) with respect to ϕ(p) such that
Z1|ϕ(U) = z1, . . . , Zm|ϕ(U) = zm. (1)
We can then state the following
Condition (B): the Bochner’s coordinates with respect to the point p∗ ∈ X, given by the previous
condition (A), are globally defined on X.
Our first result is then the following:
Proposition 2.3. Let N be a smooth projective compactification of X such that X is algebraically
biholomorphic to Cn and let G be a real analytic Ka¨hler metric on N such that the following two
conditions are satisfied:
(A) there exists a point p∗ ∈ X such that the diastasis Dp∗ is globally defined and non-negative
on X;
(B) the Bochner’s coordinates with respect to p∗ are globally defined on X.
Then any K–E submanifold (M, g)
φ−֒→ (N,G) such that p∗ ∈ φ(M) has positive scalar curvature.
Remark 2.4. The easiest example of compactification of Cn which satisfies condition (A) is given
by CPn = Cn∪Y endowed with the Fubini–Study metric gFS , namely the metric whose associated
Ka¨hler form is given by
ωFS =
i
2
∂∂¯ log
n∑
j=0
|Zj |2, (2)
and Y = CPn−1 is the hyperplane Z0 = 0. Indeed the diastasis with respect to p∗ = [1, 0, . . . , 0] is
given by:
Dp∗(u, u¯) = log(1 +
n∑
j=1
|uj |2).
where (u1, . . . , un) are the affine coordinates, namely uj =
Zj
Z0
, j = 1, . . . , n. Proposition 2.3 can be
then considered as an extension of a theorem of Hulin [16] which asserts that a compact Ka¨hler–
Einstein submanifold of CPn is Fano (see also [18]).
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Other examples of compactifications of Cn satisfying conditions (A) and (B) are given by the
compact homogeneous Hodge manifolds. These are not interesting since all compact homogeneous
Hodge manifolds can be Ka¨hler embedded into a complex projective space ([19]) and so we are
reduced to study the Hulin’s problem. We also remark that, by Proposition 2.1, condition (A) is
satisfied also by all the Ka¨hler submanifolds of the previous examples.
Proof of Proposition 2.3. Let p be a point in M such that ϕ(p) = p∗, where p∗ is the point in N
given by condition (A). Take Bochner’s coordinates (z1, . . . , zm) in a neighborhood U of p which we
take small enough to be contractible. Since the Ka¨hler metric g is Einstein with (constant) scalar
curvature s then: ρω = λω where λ is the Einstein constant, i.e. λ =
s
2m , and ρω is the Ricci form.
If ω = i2
∑m
j=1 gjk¯dzj ∧ dz¯k¯ then ρω = −i∂∂¯ log det gjk¯ is the local expression of its Ricci form.
Thus the volume form of (M, g) reads on U as:
ωm
m!
=
im
2m
e−
λ
2
Dp+F+F¯ dz1 ∧ dz¯1 ∧ · · · ∧ dzm ∧ dz¯m , (3)
where F is a holomorphic function on U and Dp = ϕ
−1(Dp∗) is the diastasis on p (cfr. Proposition
2.1).
We claim that F + F¯ = 0. Indeed, observe that
ωm
m!
=
im
2m
det(
∂2Dp
∂zα∂z¯β
)dz1 ∧ dz¯1 ∧ · · · ∧ dzm ∧ dz¯m.
By the very definition of Bochner’s coordinates it is easy to check that the expansion of log det(
∂2Dp
∂zα∂z¯β
)
in the (z, z¯)-coordinates contains only mixed terms (i.e. of the form zj z¯k, j 6= 0, k 6= 0). On the
other hand by formula (3)
−λ
2
Dp + F + F¯ = log det(
∂2Dp
∂zα∂z¯β
).
Again by the definition of the Bochner’s coordinates this forces F + F¯ to be zero, proving our
claim. By Theorem 2.2 there exist Bochner’s coordinates (Z1, . . . , Zn) in a neighborhood of p∗
satisfying (1). Moreover, by condition (B) this coordinates are globally defined on X . Hence, by
formula (3) (with F + F¯ = 0), the m-forms Ω
m
m! and e
−λ
2
Dp∗dZ1 ∧ dZ¯1 ∧ · · · ∧ dZm ∧ dZ¯m globally
defined on X agree on the open set ϕ(U). Since they are real analytic they must agree on the
connected open set Mˆ = ϕ(M) ∩X , i.e.
Ωm
m!
=
im
2m
e−
λ
2
Dp∗dZ1 ∧ dZ¯1 ∧ · · · ∧ dZm ∧ dZ¯m. (4)
Since Ω
m
m! is a volume form on Mˆ we deduce that the restriction of the projection map
π : X ∼= Cn → Cm : (Z1, . . . , Zn) 7→ (Z1, . . . , Zm)
to Mˆ is open. Since it is also algebraic (because the biholomorphism betweenX and Cn is algebraic),
its image contains a Zariski open subset of Cm (see Theorem 13.2 in [6]), hence its euclidean volume,
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voleucl(π(Mˆ)), has to be infinite. Suppose now that the scalar curvature of g is non-positive. By
formula (4) and by the fact that Dp∗ is non-negative, we get vol(Mˆ, g) ≥ voleucl(π(Mˆ)) which is
the desired contradiction, being the volume of M (and hence that of Mˆ) finite. 
Now, we are going to apply Proposition 2.3 to toric manifolds endowed with toric Ka¨hler metrics.
Recall that a toric manifoldM is a complex manifold which contains an open dense subset biholo-
morphic to (C∗)n and such that the canonical action of (C∗)n on itself by (α1, . . . , αn)(β1, . . . , βn) =
(α1β1, . . . , αnβn) extends to a holomorphic action on the whole M (see the Appendix for more de-
tails). A toric Ka¨hler metric ω on M is a Ka¨hler metric which is invariant for the action of the real
torus T n = {(eiθ1 , . . . , eiθn) | θi ∈ R} contained in the dense, complex torus (C∗)n , that is for every
fixed θ ∈ T n the diffeomorphism fθ :M →M given by the action of (eiθ1 , . . . , eiθn) is an isometry.
We have the following, well-known fact (compare, for example, with Section 2.2.1 in [10] or
Proposition 2.18 in [3]).
Proposition 2.5. If M is a projective, compact toric manifold then there exists an open dense
subset X ⊆ M which is algebraically biholomorphic to Cn. More precisely, for every point p ∈ M
fixed by the torus action there are an open dense neighbourhood Xp of p and a biholomorphism
φp : Xp → Cn such that p is sent to the origin and the restriction of the torus action to Xp
corresponds via φ to the canonical action of (C∗)n on Cn.
A self-contained proof of this proposition in given in Section A.1 of the Appendix. Now we are
ready to prove the main result of this section.
Theorem 2.6. Let N be a projective toric manifold equipped with a toric Ka¨hler metric G. Then
any K-E submanifold (M, g)
φ−֒→ (N,G) such that φ(M) contains a point of N fixed by the torus
action has positive scalar curvature.
Proof. As we have just recalled, N is a smooth projective compactification of an open subset
algebraically biholomorphic to Cn. So, the Theorem will follow from Proposition 2.3 once we have
shown that, for p∗ equal to a point N fixed by the torus action, then the conditions (A) and (B) of
the statement of Proposition 2.3 are satisfied.
Let then p∗ ∈ N be such a point, and let ξ = (ξ1, . . . , ξn) be the system of coordinates given by
the biholomorphism φp∗ : Xp∗ → Cn given in Proposition 2.5 above.
Let Ω be the Ka¨hler form associated to G and let Φ be a local potential for Ω around the origin
in the coordinates ξ = (ξ1, . . . , ξn). Since X = Xp∗ is contractible, Φ can be extended to all X (see,
for example, Remark 2.6.2 in [12]) and
D(ξ, ξ¯) = Φ(ξ, ξ¯) + Φ(0, 0)− Φ(0, ξ¯)− Φ(ξ, 0)
is a diastasis function on all X in the coordinates ξ1, . . . , ξn.
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For every θ ∈ T n and ξ ∈ Cn, let us denote
eiθξ := (eiθ1 , . . . , eiθn)(ξ1, . . . , ξn) = (e
iθ1ξ1, . . . , e
iθnξn)
and Dθ(ξ, ξ¯) := D(e
iθξ, e−iθ ξ¯). Then
i∂∂¯Dθ = i
∂2Dθ
∂ξk∂ξ¯l
(ξ, ξ¯)dξk ∧ dξ¯l = iei(θk−θl) ∂
2D
∂ξk∂ξ¯l
(eiθξ, e−iθ ξ¯)dξk ∧ dξ¯l =
= i
∂2D
∂ξk∂ξ¯l
(eiθξ, eiθξ)d(eiθkξk) ∧ d(eiθlξl) = (eiθ)∗((ξ)∗(Ω|X)) =
= (ξ)∗(f∗θ (Ω|X)) = (ξ)∗(Ω|X),
where the last equality follows by the invariance of Ω for the action of T n. Then, for every
θ ∈ T n, the function Dθ is a potential for Ω on X ; moreover, it clearly satisfies the characterization
for the diastasis. By the uniqueness of the diastasis around the origin, we then have D = Dθ, that
is
D(ξ, ξ¯) = D(eiθ1ξ1, . . . , e
iθnξn, e
−iθ1 ξ¯1, . . . , e
−iθn ξ¯n).
This last equality means that D depends on the norms |ξ1|2, . . . , |ξn|2 (i.e. D is a rotation invariant
function), and in particular it is immediately seen to satisfy the condition for ξ1, . . . , ξn to be
Bochner coordinates.
In order to show that D is non-negative, recall that, since i∂∂¯D is a Ka¨hler form, D must be a
plurisubharmonic function, which means that, for any a = (a1, . . . , an), b = (b1, . . . , bn) ∈ Cn, the
function of one complex variable f(ξ) = D(aξ + b) = D(a1ξ + b1, . . . , anξ + bn) is a subharmonic
function, i.e. ∂
2f
∂ξ∂ξ¯
≥ 0. To prove the claim it will be enough to show that, for any a ∈ Cn, the
rotation invariant subharmonic function fa(ξ) = D(aξ) is non-negative. Now, we have
0 ≤ ∂
2fa
∂ξ∂ξ¯
= t · d
2fa
dt2
+
dfa
dt
=
d
dt
(tfa(t))
where we are denoting t = |ξ|2.
It follows that g(t) = tfa(t) is a non-decreasing function, and since g(0) = 0 we have g(t) =
tfa(t) ≥ 0, that is fa(t) ≥ 0, as required.

Remark 2.7. If φ(M) does not contain any point of N fixed by the torus action, then for any
f ∈ Aut(N) ∩ Isom(N,G) one could be tempted to replace φ by f ◦ φ (which is clearly again a
Ka¨hler embedding) so to have that f(φ(M)) contains a fixed point.
Anyway, while the automorphisms group of a toric manifold can be explicitly described, in general
we do not have control on Isom(N,G), and in general this group can be too small. For example, for
the Ka¨hler-Einstein metric G on N = CP2♯3CP2 ([24], [25]), one has that Isom(N,G) is the real
part of Aut(N), whose component of the identity Aut◦(N) contains only the automorphisms given
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by the action of the complex torus (C∗)n (indeed, one easily sees that the set of the Demazure roots
is empty in this case, see for example Section 3.4 in [22])), so Isom(N,G) ≃ T n and the isometries
do not move the fixed points. By contrast, if N is the complex projective space endowed with the
Fubini-Study metric G, then Isom(N,G) acts transitively and we can always guarantee the validity
of the assumption of Theorem 2.6, so that we recover Hulin’s theorem (Remark 2.4).
Notice that if f ∈ Aut(N) \ Isom(N,G) then, in order to guarantee that f ◦ φ is a Ka¨hler
embedding one has to replace G by (f−1)∗(G), and consequently the torus action, say ρ, by ρ˜ =
f ◦ ρ ◦ f−1. Then any new fixed point is of the form f(p), where p is a point fixed by the action
ρ. This implies that if φ(M) does not contain any point fixed by ρ, then f(φ(M)) does not contain
any point fixed by ρ˜.
3. Gromov width of toric varieties
Let us recall that the Gromov width (introduced in [13]) of a 2n-dimensional symplectic manifold
(M,ω) is defined as
cG(M,ω) = sup{πr2 | (B2n(r), ωcan) symplectically embeds into (M,ω)}
where ωcan =
i
2
∑n
j=1 dzj ∧ dz¯j is the canonical symplectic form in Cn.
By Darboux’s theorem cG(M,ω) is a positive number. Computations and estimates of the
Gromov width for various examples can be found in [4], [8], [17] and in particular for toric manifolds
in [21].
In what follows, we are going to make some remarks about the Gromov width of toric manifolds.
More precisely, let (M,ω) be a toric manifold endowed with an integral toric Ka¨hler form ω. As it
is known ([9], [14]), the image of the moment map µ :M → Rn for the isometric action of the real
torus T n on M is a convex Delzant polytope ∆ = {x ∈ Rn | 〈x, ui〉 ≥ λi, i = 1, . . . , d} ⊆ Rn, i.e.
such that the normal vectors ui to the faces meeting in a given vertex form a Z-basis of Z
n. The
vertices of ∆ (which, by the integrality of ω, belong to Zn) are the images by µ of the fixed points
for the action of T n on M .
As recalled in Section A.2 of the Appendix, such a polytope ∆ represents a very ample line
bundle on the toric manifold XΣ associated to the fan Σ which has the ui’s as generators. Then, by
the Kodaira embedding i∆ we can embed XΣ into a complex projective space CP
N−1 and endow
XΣ with the pull-back i
∗
∆(ωFS) of the Fubini-Study form ωFS = i log(
∑N
j=1 |zj|2) of CPN−1.
We have the following, important result.
Theorem 3.1. (see, for example, [1], page 3 or [14], Section A2.1) The manifolds (XΣ, i
∗
∆(ωFS))
and (M,ω) are equivariantly symplectomorphic.
Now, by the following well-known result we can write the Kodaira embedding explicitly.
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Proposition 3.2. Let p ∈M be a fixed point for the torus action and Xp, φp : Xp → Cn be as in
Proposition 2.5. The restriction to Xp of the Kodaira embedding i∆ : M → CPN−1 writes, in the
coordinates given by φp, as
ig|Xp ◦ φ−1p : Cn → CPN−1, ξ 7→ [. . . , ξx11 · · · ξxnn , . . . ]
where (x1, . . . , xn) runs over all the points with integral coordinates in the polytope ∆
′ of Rn obtained
by ∆ via the transformation in SLn(Z) and the translation which send the vertex of ∆ corresponding
to p to the origin and the corresponding edge to the edge generated by the vectors e1, . . . , en of the
canonical basis of Rn.
Notice that the existence of the transformation in SLn(Z) invoked in the statement follows from
the fact that the normal vectors to the faces meeting in any vertex of the polytope form a Z-basis
of Zn.
We will give a detailed proof of Proposition 3.2 in the Appendix (Proposition A.6)
It follows by Proposition 3.2 that the restriction ω∆ of the pull-back metric i
∗
∆(ωFS) to the open
subset Xp is given in the coordinates ξ1, . . . , ξn by i log(
∑N
j=1 |ξ|2Jj )), where {Jk}k=1,...,N = ∆′∩Zn
and for any J = (J1, . . . , Jn) ∈ Zn we are denoting |ξ|2J := |ξ1|2J1 · · · |ξn|2Jn .
Then, by combining Theorem 3.1 and Proposition 3.2, we conclude that the manifold (M,ω) has
an open dense subset, say A, symplectomorphic to (Cn, ω∆ := i log(
∑N
j=1 |ξ|2Jj )).
We now estimate from above the Gromov width of (Cn, ω∆). We are going to use the following
Lemma 3.3. Let A be an open, connected subset of Cn such that A ∩ {zj = 0} 6= ∅, j = 1, . . . , n,
endowed with a Ka¨hler form ω = i2∂∂¯Φ, where Φ(ξ1, . . . , ξn) = Φ˜(|ξ1|2, . . . , |ξn|2) for some smooth
function Φ˜ : A˜ → R, A˜ = {(x1, . . . , xn) ∈ Rn | xi = |ξi|2, (ξ1, . . . , ξn) ∈ A } (we say that ω is a
rotation invariant form). Assume ∂Φ˜
∂xk
> 0 for every k = 1, . . . , n. Then the map
Ψ : (A,ω)→ (Cn, ω0), (ξ1, . . . , ξn) 7→


√
∂Φ˜
∂x1
ξ1, . . . ,
√
∂Φ˜
∂xn
ξn

 (5)
is a symplectic embedding (where ω0 =
i
2∂∂¯
∑n
k=1 |zk|2).
For a proof of this lemma, see Theorem 1.1 in [20]. Our result is
Theorem 3.4. Let ω∆ = i∂∂¯ log(
∑N
j=1 |ξ|2Jj ). Then
cG(C
n, ω∆) ≤ 2π min
j=1,...,n
(
max
k
{(Jk)j}
)
(6)
Proof. Let us apply Lemma 3.3 to A = Cn endowed with the rotation invariant Ka¨hler form
i∂∂¯ log(
∑N
j=1 |ξ|2Jj )). In the notation of the statement of the lemma, we have then Φ˜ = 2 log
∑N
k=0 x
Jk ,
where x = (x1, . . . , xn) ∈ Rn and we are denoting xJ = xj11 · · ·xjnn , for J = (j1, . . . , jn). Since for
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every k = 0, . . . , N we have Jk = ((Jk)1, . . . , (Jk)n) ∈ (Z≥0)n, we have
∂Φ˜
∂xj
=
2
xj
∑N
k=0 (Jk)jx
Jk∑N
k=0 x
Jk
> 0
and then we can embed symplectically Cn (endowed with the toric form) into Cn (endowed with the
standard symplectic form) by (ξ1, . . . , ξn) 7→
(√
∂Φ˜
∂x1
ξ1, . . . ,
√
∂Φ˜
∂xn
ξn
)
so that (Cn, i∂∂¯ log(
∑N
j=1 |ξ|2Jj ))
is symplectomorphic to the domain D = Ψ(Cn) ⊆ Cn endowed with the canonical symplectic form
ωcan. Now, let πk : C
n → C, πk(z1, . . . , zn) = zk denote the projection onto the k-th coordinate.
Then D is clearly contained in the cylinder πk(D) × Cn−1 = {(z1, . . . , zn) ∈ Cn | there exists p ∈
D with pk = zk} over πk(D), and then in the cylinder
CR = {(z1, . . . , zn) ∈ Cn | |zk|2 < R2},
where R is the radius of any ball in the zk-plane containing πk(D). By the celebrated Gromov’s
non-squeezing theorem, which states that the Gromov width of CR endowed with the canonical
symplectic form ωcan is πR
2, we conclude that the Gromov width of D is less or equal to πR2,
where R is the radius of any euclidean ball of the zk-plane containing πk(D).
In order to calculate the best value of R, notice that
πk(D) = {
√
∂Φ˜
∂xj
ξj | (ξ1, . . . , ξn) ∈ Cn} =
= {
√
∂Φ˜
∂xj
xj e
iθj | (x1, . . . , xn) ∈ (R≥0)n, θj ∈ [0, 2π]}
(since xj = |ξj |2 and ξj = √xjeiθj ) that is the circle in R2 of radius
sup{
√
∂Φ˜
∂xj
xj | (x1, . . . , xn) ∈ (R≥0)n}.
Now, √
∂Φ˜
∂xj
xj =
√√√√2∑Nk=0(Jk)jxJk∑N
k=0 x
Jk
(7)
where we are denoting Jk = ((Jk)1, . . . , (Jk)n). Now, fix j = 1, . . . , n. On the one hand, we clearly
have
N∑
k=0
(Jk)jx
Jk ≤
N∑
k=0
max
k
{(Jk)j}xJk = max
k
{(Jk)j}
N∑
k=0
xJk
so that
sup
√√√√2∑Nk=0(Jk)jxJk∑N
k=0 x
Jk
≤
√
2max
k
{(Jk)j}.
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On the other hand, we can show that the sup is actually equal to
√
2maxk{(Jk)j} by setting xi = t
for i 6= j and xj = ts, for an integer s large enough, and letting t→ +∞. Indeed, after substituting
xi = t for i 6= j and xj = ts we get the one variable function√√√√2∑Nk=0(Jk)jt(Jk)js+∑i6=j(Jk)i∑N
k=0 t
(Jk)js+
∑
i6=j(Jk)i
and, if we set fk(s) = (Jk)js+
∑
i6=j(Jk)i, it is clear that there is a value of s for which the largest
fk(s) is obtained for the value of k for which (Jk)j (i.e. the slope of the affine function fk(s)) is
maximum. This concludes the proof. 
As an immediate corollary of Theorem 3.4, we get the following
Corollary 3.5. Let (M,ω) be a toric manifold endowed with an integral toric form, let ∆ ⊆ Rn be
the image of the moment map for the torus action (which, up to a translation and a transformation
in SLn(Z), can be assumed to have the origin as vertex and the edge at the origin generated by
the canonical basis of Rn) and let {Jk}k=0,...,N = ∆ ∩ Zn. Let p be the point fixed by the torus
action corresponding to the origin of ∆ and Xp ≃ Cn be the open subset given by Proposition 2.5.
Then, any ball of radius r >
√
2minj=1,...,n (maxk{(Jk)j}),symplectically embedded into (M,ω),
must intersect the divisor M \Xp.
Let
∆ = {x ∈ Rn | 〈x, uk〉 ≥ λk, k = 1, . . . , d}.
Then Lu proves in Corollary 1.4 of [21] that the Gromov width of the corresponding toric manifold
is bounded from above by
Λ(∆) := 2πmax{−
d∑
i=1
λiai | ai ∈ Z≥0,
d∑
i=1
aiui = 0, 1 ≤
d∑
i=1
ai ≤ n+ 1}
in general, and by
γ(∆) := 2π inf{−
d∑
i=1
λiai > 0 | ai ∈ Z≥0,
d∑
i=1
aiui = 0}
if the polytope ∆ is Fano1, that is if there exist m ∈ Rn and r > 0 such that
r(λi + 〈m,ui〉) = ±1, i = 1, . . . , d, Int(r · (m+∆)) ∩ Zn = {0}. (8)
Example 3.6. Take the polytope
1It is easy to see that this condition is equivalent to the fact that the Ka¨hler form on the manifold represents the
first Chern class of a multiple of the anticanonical bundle.
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∆ = {(x1, x2) ∈ R2 | x1 ≥ 0, x2 ≥ 0, x1 − x2 ≥ −1, x2 − x1 ≥ −1,
x1 − 2x2 ≥ −3, x2 ≤ 3}
which represents a Ka¨hler class ω∆ on the Hirzebruch surface S2 blown up at two points, denoted
in the following by S˜2.
Notice that ∆ is of the kind {x ∈ Rn | 〈x, uk〉 ≥ λk, k = 1, . . . , d}, where u1 = (1, 0), u2 =
(0, 1), u3 = (1,−1), u4 = (−1, 1), u5 = (1,−2), u6 = (0,−1) and λ1 = 0, λ2 = 0, λ3 = −1, λ4 =
−1, λ5 = −3, λ6 = −3. We first show that ∆ does not satisfy the above Fano condition (8). Indeed,
these conditions read, for m = (m1,m2) and i = 1, 2, 3, 6,
rm1 = ±1, rm2 = ±1, r(−1 +m1 −m2) = ±1 r(−3−m2) = ±1.
Combining the second and the last condition we get the four possibilities (the signs have to be
taken independently) −3r − 1 = +1, −3r − 1 = −1, −3r + 1 = +1, −3r + 1 = −1, that is
r = − 23 , r = 0, r = 23 . Since r > 0 the only possibility is r = 23 , and m2 = − 32 . Replacing this in
the third condition, and taking into account the first one, we have
r(−1 +m1 −m2) = 2
3
(−1 + 3
2
± 3
2
)
which is either 43 or − 23 , so different from ±1 for any choice of the signs. This proves the claim.
Then Lu’s estimate by γ(∆) does not apply2. Since
∑
i aiui = 0 reads a1 = a4 − a3 − a5, a2 =
a3 − a4 + 2a5 + a6 we have
Λ(∆) = max{2π(a3 + a4 + 3a5 + 3a6) | ai ∈ Z≥0, 1 ≤ 2a5 + 2a6 + a3 + a4 ≤ 3}.
It is easy to see that Λ(∆) = 8π (attained for a2 = a4 = a5 = 1 and a1 = a3 = a6 = 0). We then
get cG(S˜2, ω∆) ≤ 8π, while it is easy to see that our estimate (6) yields cG(Cn, ω∆) ≤ 6π.
Then, Corollary 3.5 in this case states that any ball of radius strictly larger than
√
6, simplecti-
cally embedded into (S˜2, ω∆), must intersect the divisor.
Example 3.7. Consider the family of polytopes
∆(m) = {(x1, x2) ∈ R2 | 0 ≤ x1 ≤ 4, 0 ≤ x2 ≤ 4,−2 ≤ x1 − x2 ≤ 2,
2x1 − x2 ≥ − 2m
m+ 1
}
2At page 169 of [21], studying the case of the projective space blown up at one point, the author applies the same
estimate valid for Fano polytopes also in the case when the polytope is not Fano: by looking at the proof, it turns
out that this is possible because the projective space blown up at one point is Fano and any two Ka¨hler forms on
it are deformedly equivalent (see [23], Example 3.7). This argument cannot be used here because S˜2 is not Fano.
As told to the second author by D. Salamon in a private communication, it is not known if the same result on the
equivalence by deformation holds on the higher blowups of the projective spaces CPn, with n > 2.
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which, for every natural number m ≥ 1, represents a Ka¨hler class ω∆(m) on the projective plane
blown up at three points and blown up again (at one of the new fixed points by the toric action),
which we denote from now on by M .
Notice that ∆(m) is of the kind {x ∈ Rn | 〈x, uk〉 ≥ λk, k = 1, . . . , d}, where u1 = (1, 0), u2 =
(0, 1), u3 = (−1, 1), u4 = (−1, 0), u5 = (0,−1), u6 = (1,−1), u7 = (2,−1) and λ1 = 0, λ2 = 0, λ3 =
−2, λ4 = −4, λ5 = −4, λ6 = −2, λ7 = − 2mm+1 .
One easily sees by a straight calculation as in the previous example that ∆(m) does not satisfy
the above Fano condition (8). In fact, it is known (see for example Proposition 2.21 in [22]) that
M is not Fano, so Lu’s estimate by γ(∆) does not apply (see also the footnote at page 11). Since∑
i aiui = 0 reads a1 = a3 + a4 − a6 − 2a7, a2 = a5 + a6 + a7 − a3 we have
Λ(∆) = max{2π(2a3 + 4a4 + 4a5 + 2a6 + 2m
m+ 1
a7)}
over all the ai’s in Z≥0 such that 1 ≤ a3 + 2a4 + 2a5 + a6 ≤ 3.
It is easy to see that Λ(∆) = 2π(6 + 2m
m+1 ) (attained for a3 = a4 = a7 = 1 and a1 = a2 = a5 =
a6 = 0). We have then cG(M,ω∆(m)) ≤ 2π(6 + 2mm+1 ), while it is easy to see that our estimate
(6) yields cG(C
n, ω∆(m)) ≤ 8π for every m ≥ 1 (in fact, we need first to multiply ∆(m) by m + 1
in order to get an integral polytope for which minj=1,...,n (maxk{(Jk)j}) = 4(m+ 1), and then we
rescale by 1
m+1 , and use the fact that cG(M,λω) = λcG(M,ω)).
Then, Corollary 3.5 in this case states that any ball of radius strictly larger than 2
√
2, simplec-
tically embedded into (M,ω∆(m)), must intersect the divisor.
Remark 3.8. It is worth to notice that, for the complex projective space CPn endowed with the
Fubini-Study form ωFS = i log(
∑
i |Zi|2), the Gromov width is known to be equal to 2π and in fact
it is attained by embedding simplectically an open ball of radius
√
2 without intersecting the divisor
(more precisely, one can see that the image of the symplectic embedding (Cn, ωFS)→ (Cn, ω0) given
by (5) is exactly a ball of radius
√
2).
Appendix A. Toric manifolds
A.1. Toric manifolds as compactifications of Cn. Let us recall the following
Definition A.1. A toric variety is a complex variety M containing an open dense subset biholo-
morphic to (C∗)n and such that the canonical action of (C∗)n on itself by (α1, . . . , αn)(β1, . . . , βn) =
(α1β1, . . . , αnβn) extends to a holomorphic action on the whole M .
A toric variety can be described combinatorially by means of fans of cones. In detail, by the
cone σ = σ(u1, . . . , um) in R
n generated by the vectors u1, . . . , um ∈ Zn we mean the set
{x ∈ Rn | x =
m∑
i=1
ciui, ci ≥ 0}
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of linear combinations of u1, . . . , um with non-negative coefficients. The ui’s are called the generators
of the cone. The dimension of a cone σ = σ(u1, . . . , um) is the dimension of the linear subspace of
Rn spanned by {u1, . . . , um}.
We will always assume that our cones are convex, i.e. that they do not contain any straight line
passing through the origin, and that the generators of a cone are linearly independent.
The faces of a cone σ = σ(u1, . . . , um) are defined as the cones generated by the subsets of
{u1, . . . , um}. By definition, the cone generated by the empty set is the origin {0}.
Definition A.2. A fan Σ of cones in Rn is a set of cones such that
(i) for any σ ∈ Σ and any face τ of σ, we have τ ∈ Σ;
(ii) any two cones in Σ intersect along a common face.
Let us now recall how one can construct from a fan Σ a toric variety.
Let {u1, . . . , ud}, uk = (uk1, . . . , ukn) ∈ Zn, be the union of all the generators of the cones in Σ.
For any cone σ = σ({ui}i∈I) ∈ Σ, I ⊆ {1, . . . , d}, let us denote
C
d
σ = {(z1, . . . , zd) ∈ Cd | zi = 0⇔ i ∈ I}.
Notice that if σ = σ(∅) is the cone consisting of the origin alone, then Cdσ = (C∗)d. Now, let
CdΣ =
⋃
σ∈Σ C
d
σ and KΣ be the kernel of the surjective homomorphism
π : (C∗)d → (C∗)n, π(α1, . . . , αd) = (αu111 · · ·αud1d , . . . , αu1n1 · · ·αudnd ).
Definition A.3. The toric variety XΣ associated to Σ is defined to be the quotient XΣ =
C
d
Σ
KΣ
of
CdΣ for the action of KΣ given by the restriction of the canonical action (α1, . . . , αd)(z1, . . . , zd) =
(α1z1, . . . , αdzd) of (C
∗)d on Cd .
The importance of this construction consists in the fact that any toric variety M of complex
dimension n can be realized as M = XΣ for some fan Σ in R
n (see Section 1.4 in [11]).
Notice that, by definition of KΣ, we have
(C∗)d
KΣ
≃ (C∗)n. So we have a natural action of this
complex torus on XΣ given by
[(α1, . . . , αd)][(z1, . . . , zd)] = [(α1z1, . . . , αdzd)]. (9)
From now on, and throughout this section, we will assume that XΣ is a compact, smooth
manifold. From a combinatorial point of view, it is known ([11], Chapter 2) that:
(i) XΣ is compact if and only if the support |Σ| = ∪σ∈Σσ of Σ equals Rn.
(ii) XΣ is a smooth complex manifold if and only if for each n-dimensional cone σ in Σ its
generators form a Z-basis of Zn.
Under these assumptions, we have the following well-known result.
Proposition A.4. Let XΣ be a compact, smooth toric manifold of complex dimension n. Then,
for each p ∈ XΣ fixed by the torus action (9) there exists an open neighbourhood Xp of p, dense in
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XΣ, containing the complex torus
(C∗)d
KΣ
≃ (C∗)n and a biholomorphism φp : Xp → Cn such that
φp(p) = 0 and that the restriction of the torus action (9) to Xp coincides, via φp, with the canonical
action of (C∗)n on Cn by componentwise multiplication. In particular, any compact, smooth toric
manifold of complex dimension n is a compactification of Cn.
Proof. Let σ = σ(uj1 , . . . , ujn) be an n-dimensional cone in Σ, and let {jn+1, . . . , jd} = {1, . . . , d} \
{j1, . . . , jn}. Let us consider the open dense subset
Xσ =
⋃
τ⊆σ C
d
τ
KΣ
= {[(z1, . . . , zd)] ∈ XΣ | zjn+1, . . . , zjd 6= 0}.
We are going to define a biholomorphism φσ : Xσ → Cn. Recall that, by the assumption
of smoothness, uj1 , . . . , ujn form a Z-basis of Z
n, or equivalently (with a further permutation if
necessary) the matrix
U =


uj11 . . . ujn1
. . . . . . . . .
uj1n . . . ujnn


belongs to SL(n,Z). Let U−1 =


w11 . . . wn1
. . . . . . . . .
w1n . . . wnn

 and let


vjn+11 . . . vjd1
. . . . . . . . .
vjn+1n . . . vjdn

 be the matrix in Mn d−n(Z) obtained by deleting from


w11 . . . wn1
. . . . . . . . .
w1n . . . wnn




u11 . . . ud1
. . . . . . . . .
u1n . . . udn


the j-th column, for j = j1, . . . , jn.
We claim that
φσ([(z1, . . . , zd)]) = (zj1z
vjn+11
jn+1
· · · zvjd1jd , . . . , zjnz
vjn+1n
jn+1
· · · zvjdnjd ) (10)
defines the required biholomorphism. In order to verify this, notice first that if (α1, . . . , αd) ∈ KΣ
then, by definition, for every k = 1, . . . , n, we have
1 = (αu111 · · ·αud1d )w1k · · · (αu1n1 · · ·αudnd )wnk = αjkα
vjn+1k
jn+1
· · ·αvjdkjd
so that
αjk = α
−vjn+1k
jn+1
· · ·α−vjdkjd , k = 1, . . . , n. (11)
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For any αjn+1 , . . . , αjd ∈ C∗, these equations give a parametric representation of KΣ, using which
it is easy to see that (10) is well defined. More in detail, if [(z1, . . . , zd)] = [(w1, . . . , wd)] then there
exist αjn+1 , . . . , αjd ∈ C∗ such that wjn+1 = αjn+1zjn+1 , . . . , wjd = αjdzjd and
wj1 = α
−vjn+11
jn+1
· · ·α−vjd1jd z1, . . . , wjn = α
−vjn+1n
jn+1
· · ·α−vjdnjd zjn
from which it is immediate to see that φσ[(z1, . . . , zd)] = φσ[(w1, . . . , wd)].
Moreover, one sees that
ψσ : C
n → Xσ, ψσ(ξ1, . . . , ξn) = [(ψ1, . . . , ψd)] (12)
where
ψj1 = ξ1, . . . , ψjn = ξn, ψjn+1 = · · · = ψjd = 1
and is the inverse of φσ. Indeed, on the one hand it is clear that φσ ◦ ψσ = idCn . On the other
hand, for every [(z1, . . . , zd)] ∈ Xσ we have (ψσ ◦ φσ)([z1, . . . , zd]) = [(ψ1, . . . , ψd)] where
ψjk = zjkz
vjn+1k
jn+1
· · · zvjdkjd , k = 1, . . . , n
and ψjn+1 = · · · = ψjd = 1. But [(ψ1, . . . , ψd)] = [(z1, . . . , zd)] since (z1, . . . , zd) = (α1, . . . , αd)(ψ1, . . . , ψd)
for the element (α1, . . . , αd) ∈ KΣ given by αjn+1 = zjn+1 , . . . , αjd = zjd (recall that, by definition
of Xσ, we have zjn+1 , . . . , zjd 6= 0) and
αjk = z
−vjn+1k
jn+1
· · · z−vjdkjd , k = 1, . . . , n.
This proves the claim. Now, by the very definition of Xσ it is clear that it contains the complex
torus (C
∗)d
KΣ
and that Xσ is invariant by the action (9). In fact, one has φσ
(
(C∗)d
KΣ
)
= (C∗)n
and, if φσ[α1, . . . , αd] = (a1, . . . , an), φσ [z1, . . . , zd] = (ξ1, . . . , ξn), then φσ[α1z1, . . . , αdzd] =
(a1ξ1, . . . , anξn), which means that the action of
(C∗)d
KΣ
on Xσ corresponds, via φσ, to the canonical
action of (C∗)n on Cn.
As a consequence, since the only fixed point for this canonical action is the origin, we have that the
only point of Xσ fixed by the action of
(C∗)d
KΣ
is the point p = [z1, . . . , zd] having zj1 = · · · = zjn = 0.
SoXσ turns out to be a neighbourhoodXp of the fixed point p which satisfies all the requirements
of the statement of the Proposition.
Since the Xσ’s, when σ runs over all the n-dimensional cones of Σ, cover XΣ, we get in this way
all the fixed points by the torus action, and this concludes the proof of the Proposition.

A.2. Toric bundles and Kodaira embeddings. Let us recall how one constructs combinatorially
the line bundles on a toric manifold XΣ.
Definition A.5. Let Σ be a fan of cones in Rn. A Σ-linear support function (or simply a support
function when the context is clear) is a continuous function g : Rn → R such that
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(i) on every n-dimensional cone σ ∈ Σ, g is the restriction of a linear function gσ : Rn → R;
(ii) g has integer values on Zn.
A support function is clearly determined by the values it has on the generators of the cones.
One associates to any such function g a line bundle, denoted XΣg, on the manifold XΣ and
defined as XΣg =
C
d
Σ×C
KΣ
where CdΣ, KΣ are as in Definition A.3 and the quotient comes from the
action of KΣ on C
d
Σ × C given by
(α1, . . . , αd) · (z1, . . . , zd, zd+1) = (α1z1, . . . , αdzd, α−g(u1)1 · · ·α−g(ud)d zd+1).
The projection p : XΣg → XΣ is just given by p([z1, . . . , zd+1]) = [z1, . . . , zd], which is clearly
well-defined by the very definition of the equivalence relations involved.
It is known that XΣg is very ample if and only if g is strictly convex, i.e. it fulfills the following
requirements:
(a) for every v1, v2 ∈ Rn, t ∈ [0, 1], one has g(tv1 + (1− t)v2) ≥ tg(v1) + (1− t)g(v2) (i.e. −g is
convex);
(b) distinct n-dimensional cones σ give distinct functions gσ.
A nice representation of the very ample line bundle p : XΣg → XΣ, encoding combinatorially
both the structure of XΣ and the function g, is given by the convex polytope
∆g = {x ∈ Rn | 〈x, ui〉 ≥ g(ui), i = 1, . . . , d} (13)
where u1, . . . , ud are the generators of Σ.
Every k-dimensional face of ∆g is given by the intersection of n− k hyperplanes 〈x, ui〉 = g(ui),
for i ∈ I ⊆ {1, . . . , d} such that {ui}i∈I generates an (n− k)-dimensional cone of Σ. In particular,
the vertices of ∆g correspond to the n-dimensional cones of Σ and then (see the proof of Proposition
A.4) to the fixed points of the torus action.
Conversely, every convex polytope ∆ = {x ∈ Rn | 〈x, ui〉 ≥ λi, i = 1, . . . , d} with the property
that the normal vectors ui to the faces meeting in a given vertex form a Z-basis of Z
n determine a
toric manifold together with a very ample line bundle.
We are now ready to prove the following
Proposition A.6. Let p ∈ XΣ be a fixed point for the torus action and Xp, φp : Xp → Cn be as
in Proposition A.4.
The restriction to Xp of the Kodaira embedding ig : XΣ → CPN−1 associated to XΣg writes, in
the coordinates given by φp, as
ig|Xp ◦ φ−1p : Cn → CPN−1, ξ 7→ [. . . , ξx11 · · · ξxnn , . . . ]
where (x1, . . . , xn) runs over all the points with integral coordinates in ∆, being ∆ the polytope in
Rn obtained by ∆g via the transformation in SLn(Z) and the translation which send the vertex of
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∆g corresponding to p to the origin and the corresponding edge to the edge generated by the vectors
e1, . . . , en of the canonical basis of R
n.
Proof. For the sake of simplicity and without loss of generality, we can assume that the fixed
point p corresponds (in the sense of the proof of Proposition A.4) to the n-dimensional cone of
Σ generated by u1, . . . , un, so that Xp = {[(z1, . . . , zd)] ∈ XΣ | zn+1, . . . , zd 6= 0}. Given the line
bundle p : XΣg → XΣ, we clearly have
p−1(Xp) = {[(z1, . . . , zd, zd+1)] ∈ XΣg | zn+1, . . . , zd 6= 0}.
An explicit trivialization f : p−1(Xp)→ Xp × C of XΣg on Xp is given by
f([(z1, . . . , zd, zd+1)]) = ([z1, . . . , zd], zd+1z
cn+1
n+1 · · · zcdd )
where, for every j = n+ 1, . . . , d,
cj = g(uj)−
n∑
k=1
vjkg(uk)
and the vjk’s are defined in the proof of Proposition A.4.
Indeed, f is well defined because zn+1, . . . , zd 6= 0 and because, if [(z1, . . . , zd, zd+1)] = [(w1, . . . , wd, wd+1)]
then, for some (α1, . . . , αd) ∈ KΣ,
wd+1w
cn+1
n+1 · · ·wcdd = (zd+1α−g(u1)1 · · ·α−g(ud)d )zcn+1n+1 · · · zcdd αcn+1n+1 · · ·αcdd =
= zd+1z
cn+1
n+1 · · · zcdd · α−g(u1)1 · · ·α−g(un)n α
−
∑n
k=1
vn+1kg(uk)
n+1 · · ·α−
∑n
k=1
vdkg(uk)
d
= zd+1z
cn+1
n+1 · · · zcdd
by (11) in the proof of Proposition A.4.
The inverse of f is clearly given by f−1 : Xp × C→ p−1(Xp),
f−1([z1, . . . , zd], z) = [(z1, . . . , zd, zz
−cn+1
n+1 · · · z−cdd )],
which is well defined by the same arguments as above.
A section of p : XΣg → XΣ is determined by a function F = F (z1, . . . , zd) which satisfies
F (α1z1, . . . , αdzd) = α
−g(u1)
1 · · ·α−g(ud)d F (z1, . . . , zd).
for every (α1, . . . , αd) ∈ KΣ. Indeed, this is exactly the condition which assures that s : XΣ → XΣg,
s([z1, . . . , zd]) = [(z1, . . . , zd, F (z1, . . . , zd))] is well-defined.
By a straight calculation and by (11), a basis for the space of global sections is given by the
polynomials F (z1, . . . , zd) = z
x1
1 · · · zxdd , xi ≥ 0, which satisfy
xj + g(uj) = vj1(x1 + g(u1)) + · · ·+ vjn(xn + g(un)), j = n+ 1, . . . , d (14)
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where the vjk’s are defined in the proof of Proposition A.4. We will refer to this basis as the
monomial basis. Let {F0, . . . , FN} be the monomial basis. Then, by the celebrated theorem of
Kodaira, the map
XΣ
ig−→ CPN , [(z1, . . . , zd)] 7→ [F0(z1, . . . , zd), . . . , FN (z1, . . . , zd)]. (15)
yields an embedding of XΣ in the complex projective space. Restricting ig to Xp and composing
with φ−1p : C
n → Xp we get
(ξ1, . . . , ξn) 7→ [F0(ξ1, . . . , ξn, 1 . . . , 1), . . . , FN (ξ1, . . . , ξn, 1 . . . , 1)]. (16)
Now, since the xi’s are all non-negative integers, conditions (14) are equivalent to
〈x + gu, vj〉 ≥ g(uj), j = 1, . . . , d, (17)
where x = (x1, . . . , xn), gu = (g(u1), . . . , g(un)) and for j = 1, . . . , n we are setting vj = ej (the
canonical basis of Rn). Since e1, . . . , en, vn+1, . . . , vd are the images of u1, . . . , un, un+1, . . . , ud via
the map
A =


u11 . . . un1
. . . . . . . . .
u1n . . . unn


−1
∈ SLn(Z), one easily sees that (17) are the defining equations of
the polytope ∆ = TA−1(∆g) − gu, obtained from ∆g = {x ∈ Rn | 〈x, ui〉 ≥ g(ui)} by the map in
SLn(Z) and the translation which send the edge given by the faces having u1, . . . , un as normals
(i.e. the edge at the vertex corresponding to p) to the edge at the origin having the vectors of the
canonical basis as edge. Then the embedding (16) turns out to be the map
C
n → CPN , (ξ1, . . . , ξn) 7→ [. . . , ξx11 · · · ξxnn , . . . ]
where (x1, . . . , xn) runs over all the points with integral coordinates in ∆, as required. 
Remark A.7. Notice that the transformed polytope ∆ represents, up to isomorphism, the same
line bundle and the same toric manifold as ∆g, because we are always free to apply to the fan Σ
a transformation in SLn(Z) (see, for example, Proposition VII.1.16 in [2]) and we can always add
to g an integral linear function Zn → Z, which correspond to a translation of the polytope (this
comes from the fact that two bundles XΣg, XΣg′ associated to Σ-linear support functions g, g
′ on
Σ are isomorphic if and only if g − g′ : Rn → R is a linear function).
In fact, it is well-known that if a toric manifold endowed with a very ample line bundle is
represented by a polytope ∆, then the monomials ay11 · · · aynn , for (y1, . . . , yn) ∈ ∆ ∩ Zn and
(a1, . . . , an) ∈ (C∗)n, give the restriction of a Kodaira embedding (associated to the given line
bundle) to the complex torus (C∗)n contained in XΣ. What we have seen here in detail is exactly
that this embedding can be extended to Cn if the polytope has the origin as vertex and the edge
at the origin is generated by the canonical basis of Rn, and coincides with (16) in this case.
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